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■ Abstract 

This paper proposes a new class of multi-dimensional nonsystematic Reed-Solomon codes that are constructed 
based on the multi-dimensional Fourier transform over a finite field. The proposed codes are the extension of the 
nonsystematic Reed-Solomon codes to multi-dimension. This paper also discusses the performance of the multi- 
dimensional nonsystematic Reed-Solomon codes. 
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1 Introduction 

Many error-correcting-codes ini,f2l have been developed to enhance the reliability of data transmission systems and 
^ ■ memory systems. One class of superior error-correcting-codes is the Reed-Solomon codes that are maximum-distance 
codes. The nonsystematic Reed-Solomon codes [31 are constructed based on the one-dimensional Fourier transforms 
over a finite field. The code length of the nonsystematic Reed-Solomon codes over a finite field GF{q) is q, while the 
code length of the systematic and cyclic Reed-Solomon codes is ^ - 1 . 

The author presented the two-dimensional nonsystematic Reed-Solomon codes based on two-dimensional Fourier 
\ transform |4| and showed the extension of the codes to multi-dimensional codes [5]. On the other hand, Shen, et 
CS| ■ al. |l6l presented the multidimensional extension of the Reed-Solomon codes using a location set contained in a 
\ multidimensional affine or projective space over a finite field. But they described only the two-dimensional extension 
■ concretely. 

\ This paper proposes a new class of multi-dimensional nonsystematic Reed-Solomon codes that are constructed 

(N. based on the multi-dimensional Fourier transform over a finite field. The proposed codes are the extension of the 
nonsystematic Reed-Solomon codes to multi-dimension, and are the developments of the codes in |5 1. The code length 
of the n-dimensional nonsystematic Reed-Solomon codes over a finite field GF{q) is q". This paper also discusses the 
performance of the multi-dimensional nonsystematic Reed-Solomon codes. 
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2 2-dimensional Reed-Solomon codes 

Firstly, we consider the following codes based on 2-dimensional Fourier transform. 

Let Uij (0 < / < Kf,Q < j < L) be any elements of a finite field GF{q) and let f{xy,X2) be a polynomial of two 
variables whose coefficients are atf. 



f(Xl,X2) = ^ 



^Y,fMiH (L<q-l) (1) 



j=0 V /=0 J 
L 



j=0 
Ki 



fjixi) = Yj'''jA iKj<q-l) (2) 

;■={) 

We consider the code whose codeword consists of q^ elements {f(J3k,/3i)] {k -0,1, - ■ ■ ,q - I; I - 0,1, ■ ■ ■ ,q - I), 
where jSk and are any elements of GF{q). The transformation of the information symbols {fl,y} to a codeword 
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{fifik^Pi)} is the two-dimensional Fourier transform over GF{q), and so the code is the two-dimensional extension of 
a nonsystematic Reed-Solomon code. The code length N is N - q^. 

When fj{x\) + 0, the number of yS^^ (0 < ^ < ^ - 1) such that fjijik) is at least q - Kj, because the number of 
the roots of fj(x\) is at most Kj. 

A nonzero codeword has at least one fj(xi) (0 < j < L) such that fj(xi) + 0. Now let m be the maximum '] of the 
nonzero fj{x\), that is, fmixi) + 0, fm+\{x\) - fm+iix\) - ■■ ■ - fiixi) = 0. The number of /3k such that fmifik) is 
at least q - K„,. For an element Pk such that fj(J3k) ^ (Q < j < m), the number of /?/ such that f(J3k,/Si) is at least 
q - m because the number of the roots of 

m 

m,x2) = J]fj(j3k)4 (3) 

./=o 

is at most m. Therefore the number of the pairs (J3k,/3i) such that f(J3k,/3i) 5^ is at least 



min [(q - K„)(q - m)] 

0<m<L 



(4) 



and it is equal to the minimum distance t/m,„ of the code. FromEq.©, = ^-[^^"Qbecause <7-/r,„ (m = 0,1,--- ,L) 

must be r.^]. L should be determined as the maximum integer such that Kr - q — > 0. Then the number of 

the information symbols K is 



K^f(K„, + l)^j\(q+l-\^A\ 



and the number of the check symbols N - K — q - K is 

L 



N 



.K^yil^]-l] + q(q-L-l). 



(5) 



(6) 



The above statement is summarized in the following theorem: 

[Theorem 1] Let Oij (0 < i < Kf, < y < L) be any elements of a finite field GF(q), where Kj is Kj - q - 

and L is the maximum integer such that Ki - q - ^ 0. 
For a polynomial of two variables such that 



L Kj 

f(xi,X2) = ^ ^ fl/jJc'iX^ 

;=0 /=0 



(7) 



the code whose codeword consists of q^ elements {f(fik,/^i)] (k = 0,1, ■ ■ ■ ,q - l;l = 0,1, ■ ■ ■ ,q - I) is a linear code 
with minimum distance (i,„,„, where /3k and /3i are the elements of GF{q). a 

Figure [U shows the example of a 2-dimensional Reed-Solomon code. Table[T]shows the distribution of K,n in case 
of q - 5. 
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Figure 1 : 2-dimensional Reed-Solomon codes 
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Table 1 : Number of information symbols of 2-dimensional Reed-Solomon code (q = 5) 
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The number of the information symbols K is 



So 



n=0 
L 



\ ^ i dmin \ /i r ^min -, ^ ^min , \ 

> ^ because r ]< + 1 

\ a — nt \ a — nt q — m j 



q — lit 



(dmin\ , Y'' 1 
q dmin > , 

> ^ — dmin ~ dmin / , 

^ — ' <7 — 



m 



T "-mm , 1 ^ r "-mm -, 

L > <7 1 because q > \ ] 



q - L 



q — in 



L<q- 



K ^ ^ dmm 



dmin dfiiin \ ^ 1 



q — in 



(8) 



(9) 



Figure |2] shows the relation between d„,i„/N and K/N. 



3 3 -dimensional Reed-Solomon codes 

We extend the discussion in the preceding chapter to 3-dimensional Fourier transform over a finite field. 

Let fl,,„,3 (0 < /i < ; < /2 < L,, ; < /3 < L) be any elements of a finite field GF(q), and let /(xj , X2, JIC3) be a 
polynomial of three variables whose coefficients are a,,,,,,: 



!3=0 12=0 l,/,=0 

L i., 

13=0 12=0 



/2 ;3 
X2 



(10) 
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Figure 2: Relation between 



dmin/N and K/N (2-dimensional) 




{Ki,i, <q-l) 



(11) 



We consider the code whose codeword consists of q elements {/(ySit, ,/3k^,/3k,)} (kj - 0,1, - ■■ ,q - I), where /3k (j - 
1, 2, 3) are any elements of GF(q). The transformation of the information symbols {a,-, ,,,-,} to a codeword {/(ySt, ,/Sk-.,f3k,)} 
is the three-dimensional Fourier transform over GF(q), and so the code is the three-dimensional extension of a non- 
systematic Reed-Solomon code. The code length N is N - q^. 

When fi^i^ixi) + 0, the number of jik^ (0 < fci < ^ - 1) such that fwtyijik^) is at least q - Ki^i^, because the 
number of the roots of /ij/jCxi) is at most Ki^\^. 

Now let m2 be the maximum 12 of the nonzero /j, (x \ ) and let m3 be the maximum of the nonzero /i, (x 1 ) . Then 
let Km-^m^ be the maximum i\ in this case. 

For the equations 



the number of yS^, such that fi^ifik^ , A2) ^ is at least q - because the number of the roots of //, (y6;tp -^2) is at most 
m2. For jSi, such that fi^(j3ki,Pk2) + 0, the number of j6jt, such that f{J3ki,l3k2,Pki) 5^ is at least q - rrij, because the 
number of the roots of 





(12) 



and 




(13) 




(14) 



is at most m3. Therefore the number of the three-tuples (J3ki , A2' A3) such that /(yS^, , Pki^Pk^) 9^ is at least 



0<m3<L 
0<m2<L,„. 



min [(q - K„,^,„0(q - m2)(q - mj,)] , 



(15) 



and it is equal to the minimum distance d„i„ of the code. 

From Eq.([T5ll, ^ q - r (^j_„,fxi^_,„,) 1 because q - K,„^„,, [mi = 0, 1, • ■ • , L„,;mi = 0, 1, ■ ■ ■ , L) must be 

\ , J . Lm, and L should be respectively determined as the maximum OT2 and the maximum such that 
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Kmjm^ - q - I (q-m2)('q-m]) '^ - ^' Then the number of the information symbols K is 
and the number of the check symbols N - K - - K is 

A^-^= y yii- — = — -1-1 +^^-^(L+i)(L„,3+i). (17) 



m3=0 1112=0 



The above statement is summarized in the following theorem: 



[Theorem 2] Let a;,,-^,^ (0 < ii < Ki^i,; < 12 < i,,; < /3 < L) be any elements of a finite field GF(q), where 
, - Q - I: — ^Tr-^^ and Li, and L are the maxi 
For a polynomial of three variables such that 



Ki^i, - Q - I: — ^Tr-^^ and Li, and L are the maximum integers such that Kr l-Q- \-, — rr? — rrl ^ 



f(Xi,X2, -^3) = Z Z Z "'1'2'34'4'4' ' (18) 



13=0 12=0 /i=0 



the code whose codeword consists of q^ elements ,/3k^,/3ii^)} (ki - 0,1, - ■■ ,q - 1; I - 1, 2, 3) is a linear code 
with minimum distance d,„i„, where /3in,/3ii^,f5kj are the elements of GF(q). □ 



4 ^-dimensional Reed-Solomon codes 



We extend the discussion in the preceding chapter to ^-dimensional Fourier transform over a finite field. 

Let fl/,,2...,-^ (0 < i\ < Ki,iy..i^/, < ij < Li.^^i.^^...i^/, j = 2,3,--- ,«- 1; < /„ < L) be any elements of a finite field 
GF{q), and let a polynomial of n variables whose coefficients are a,,;, ■■;„: 



f(xi,X2, 



L U, 
i„=0 ;„-i=0 



z 



zz- 

i„=0 /„-i=0 



^'3'4 -'/7 /^'2'3"'" 

/2=0 I, !,=0 
i(3i4-i„ 

^ ,/i'2/3- -/«(^l) ^2 ' " " "^n 

12=0 



■X'" 



(19) 



/i2;3- i„(-^i) = Z 



?-l) 



(20) 



!,=0 



We consider the code whose codeword consists of q" elements {f(Pi!^,/3k2, ■ ■ ■ (^; = 0, 1, ■ • ■ , ^ - 1), where 

Pkj (7 = 1' 2, • ■ • , n) are any elements of GF{q). The transformation of the information symbols {a,j,,..., J to a codeword 
{f(J3ki,f^k2' ■ ■ ■ 'A,,)} is the «-dimensional Fourier transform over GF(g'), and so the code is the n-dimensional extension 
of a nonsystematic Reed-Solomon code. The code length N is N - q". 

From the discussion in the preceding chapter, the number of «-tuples (J3k,,/3k2, ■ ■ ■ ,Pk„) such that f(J5ki,Pk2^ ■ " ■ > 
Pk,,) 9^ is at least 



mm 

0<m„<L 



{(q - 



„)iq - mXq -m^)---(q- m„)] 



(21) 



0<m,<L„, 



0-=2,3,-,n-l) 



ant it is equal to the minimum distance dmin of the code. 
From Eq.dlB, /:„,,„„...,„„ ^ q - \t— 



{q-m2){q-mi)--(q-m„) 

2, 3, ■ ■ ■ , n - 1; m„ = 0, 1, • ■ • , L) must be [ 
spectively determined as the maximum 1112, mj, ■ ■ ■ , m„ such that 



] because q - K,„^my m„ (mj = 0,1, 



imj+2-»!B' J 



■q-l 



■ ■ , Lm„ and L should be re- 
1>0. 



(q-m2 Xq-mj, )---{q-mf^) 



The above statement is summarized in the following theorem: 
[Theorem 3] Let a,-,,-,.../,, (0 < i\ < Kj^iy..,^/, < ij < Li^^^i.^^...i^/, j - 2,3, - ■ ■ , n - 1; < /„ < L) be any elements of a 
finite field GF(q), where Ki^ij-i,, - q - \ (q-i2)(q-i^)-{q-i ) "l ^^'^ ^'3/4 ■•/„' ^'415 ■•/„> " ' ^ A„ and L are the maximum integers 



such that Kh 



q-\i 



-h)(q-h)-<q-'„) 



1>0. 
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For a polynomial of n variables such that 



/(xi , X2, ■ • ■ , x„) = ^ ^ ■ ■ ■ ^ a,-, x'; x^^ ■ ■ ■ x);- 



(22) 



=0 i„_i=0 



=0 11=0 



the code whose codeword consists of q" elements {/(j6i, jfit^, ■ ■ ■ ,/^k,,)] = 0, 1, • ■ ■ , - 1; Z = 1, 2, • • ■ , n) is a linear 
code with minimum distance c/„„„, where /3i<, ,fik^, ■ ■ ■ ,l}k„ are the elements of GF{q). □ 
The number of the information symbols K is 



i„=Oi„_,=0 /2=0 i„=Oi„_,=0 12=0 ^ 117=2^^ y 



(23) 



and the number of the check symbols N - K — q" - K is 
N- 



i„=Oi„-i=0 12=0 ^ ^^J 



1-1 



•^"-^(L+l)[](L,-,„;,^,..,„ + l) 

;=2 



(24) 



When L = ^ - 1 and Li.^^i.^^...i^^ = ^ - 1 (_/ = 2, 3, ■ • ■ , n - 1), that is, (i,„/„ < q, the number of the check symbols N -K is 



q-l q-l q—l 



N-K 



t^i,n^O fcoV 11;=2W h> } 

q-l q-l q-l / 

i,=q-tl,„i„ + l i„-i=q-d,„;„+l i2=q-d,„i„ + l^ I I j=2\1 ]' 
d„,i„-l d„,i„-l d„,i„-l / , 

= Z 2--Zfe-' 



1-1 



<«=1 ',,-1=1 '^=1 



(25) 



The number of the check symbols N-K has no relation to the number q of the elements of a finite field GF(q) and is 
determined by only the minimum distance c/„„„. Table |2] shows the number of the check symbols when d„i„ < q. 



Table 2: Number of check symbols (A^ - K) when dmin ^ 1 
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5 Performance 



5.1 Comparison between 2-dimensional Reed-Solomon codes and product codes 

The product code of a (ni,ki,di) linear code and a («2, fe, d2) linear code is a (A^, /T, dmin) = (nini, kikz, didz) linear 
code. When two linear codes are the same (n, k, d) Reed-Solomon codes over GF{q), the number of the check symbols 
of the product code is 

N-K^(d-l)(2n-d+l). (26) 

Then the relation between ^ and ^ is 



1-^ = 

N 



1 ^min 


r 






1, 





2- 



1 

+ - 



(27) 



when n - q. 

Figure[3]shows the relations between ^ and ^ of the 2-dimensional Reed-Solomon codes and the product codes 
when ^ = 8 and q - 16. As shown in Fig[3] the performance of the 2-dimensional codes is higher than that of the 
product codes. 
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Figure 3: Performances of 2-dimensional codes and product codes 



5.2 Relation between dimension and performance 

Figure |4] shows the relation between d„,i„/N and K/N when q = 4. The code length increases exponentially when the 
dimension increases, but K/N much decreases. 



5.3 Performance of shortened codes 

Figure |5] shows the relation between dmin/N and K/N of the shortened 2-dimensional codes when q - 16. Gilbert- 
Varshamov bounds are also shown in Fig|5] When d„,i„/N is small, the shortened codes have higher performance. 
Especially the shortened code of length = 32 is beyond the Gilbert- Varshamov bound when dmin/N < 0.15. 



6 Conclusion 

This paper has proposed a new class of multi-dimensional nonsystematic Reed-Solomon codes that are constructed 
based on the multi-dimensional Fourier transform over a finite field. The proposed codes are the extension of the 
nonsystematic Reed-Solomon codes to multi-dimension. The code length of the Reed-Solomon codes can be length- 
ened by extending the dimension. Though the code length increases exponentially when the dimension increases, 
the code rate decreases. The nonsystematic Reed-Solomon codes are the maximum distance separable codes, but 
the proposed codes are not. However there exist some superior shortened 2-dimensional codes that are beyond the 
Gilbert- Varshamov bound when the minimum distance is small. 
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Figure 4: Relation between dmin/N and K/N {q = 4) 




The codes presented by Shen, et al., which are constructed using a location set contained in a multidimensional 
affine or projective space over a finite field, seem to be equivalent to the proposed codes. 
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